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While many features of topological band insulators are commonly discussed at the level of single-
particle electron wave functions, such as the gapless Dirac spectrum at their boundary, it remains
elusive to develop a hydrodynamic or collective description of fermionic topological band insulators
in 3+1 dimensions. As the Chern-Simons theory for the 2+1-dimensional quantum Hall effect, such
a hydrodynamic effective field theory provides a universal description of topological band insulators,
even in the presence of interactions, and that of putative fractional topological insulators. In this
paper, we undertake this task by using the functional bosonization. The effective field theory in
the functional bosonization is written in terms of a two-form gauge field, which couples to a U(1)
gauge field that arises by gauging the continuous symmetry of the target system (the U(1) particle
number conservation). Integrating over the U(1) gauge field by using the electromagnetic duality,
the resulting theory describes topological band insulators as a condensation phase of the U(1) gauge
theory (or as a monopole condensation phase of the dual gauge field). The hydrodynamic description,
and the implication of its duality, of the surface of topological insulators are also discussed. We
also touch upon the hydrodynamic theory of fractional topological insulators by using the parton
construction.
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I. INTRODUCTION
The recent discoveries of time-reversal symmetric topo-
logical band insulators in two and three dimensions have
greatly extended our understanding on topological phe-
nomena in condensed matter physics.1–4 They clearly
demonstrate how topological phases beyond the physics
of the quantum Hall effect (quantum Hall effect) emerges
at the level of single particle physics. It remains, however,
to be understood the effects of interactions; we need to
understand topological states of matter where electron-
electron interactions are not necessarily week, or even
those topological phases that arise precisely because of
strong correlations.
One possible approach to address these questions is
to develop collective or hydrodynamic descriptions of
topological (band) insulators.5,6 These coarse-grained de-
scriptions are to be contrasted with more microscopic de-
scriptions which heavily rely on free electrons or nearly
free quasiparticles. In fact, a hydrodynamic picture was
developed for the quantum Hall effect, and involves the
2Chern-Simons gauge theory.7–9 Once such effective de-
scription of the low-energy physics is established, it is
likely to be robust against interactions, and has a wider
range of applicability than the non-interacting micro-
scopic system. The Chern-Simons field theory in the
context of the fractional quantum Hall effect has been
used as a vital tool to describe and predict quasiparticle
statistics, ground state degeneracy, the properties of the
gapless edge states, etc. (For a review see, e.g. Ref. [10].)
The purpose of the paper is to develop a hydrodynamic
effective field theory description of topological insulators.
The method of our choice is the functional bosonization
procedure.11,12 The functional bosonization is a recipe to
derive an effective action, which reproduces the correla-
tion functions of the conserved currents (“hydrodynamic
modes”) of the system. The functional bosonization ap-
proach relies on the gauge invariance of the original, mi-
croscopic system, e.g., the U(1) gauge invariance of the
conserve electromagnetic charge. The resulting effective
field theory contains a dynamical gauge field whose gauge
group is determined by the symmetry of the microscopic
system. In this sense, this procedure may also be thought
of as a procedure which is akin to gauging, a useful tech-
nique to study symmetry-protected topological phases in
general.13,14
By making use of the functional bosonization proce-
dure, in Ref. [6] a new quantum field theory description
of (both non-interacting and interacting) topological in-
sulators in two and three dimensions was proposed. It
consists of the BF topological field theory supplemented
with an axion term. BF topological field theory15 has
played a key role in the description of topological phases
of matter ranging from superconductors16–18 to topolog-
ical insulators.5,6 This is a first step toward understand-
ing and describing the fractional topological insulator in
three dimensions. As expected, the effective field theory
reproduces all universal properties of topological band
insulators, such as the topological electromagnetic effect.
In addition, once written in terms of hydrodynamic de-
grees of freedom, there is a natural way (at least at the
level of field theories) to incorporate the effects of inter-
actions, in particular, the fractionalization of electrons.
With the working hypothesis of electron fractionalization
(i.e. the parton construction19), the effective field theory
predicts, for example, the fractionalized version of the
topological magnetoelectric effect, and non-trivial ground
state degeneracy when the system is put on a manifold
with non-trivial topology. Such predictions can be com-
pared with future numerical studies and experiments.
Furthermore, the field theory description is a natural
generalization of the Chern-Simons hydrodynamic field
theory for the fractional quantum Hall effect, and hints a
clue to generalize important theoretical ideas, such as the
particle-vortex duality, statistical transmutation by flux
attachment, parton construction, and anomalies, among
others.20–26
Guided by these previous works, we further continue to
develop a hydrodynamic description of both interacting
and non-interacting topological insulators in 3+1 space-
time dimensions. While for the case of non-interacting
topological insulators, this may be a mere rewriting of
the non-interacting theory, it would give us a theoretical
framework to discuss weakly or moderately interacting
topological insulators, and putative fractional topologi-
cal insulators. We follow the spirit of our previous work,
and try to develop understandings in terms of the hy-
drodynamic degrees of freedom – we will make use of the
hydrodynamic effective field theory. In particular, we dis-
cuss significant issues that were left out in our previous
papers.
The outline of the paper and the main results are sum-
marized as follows:
Firstly, as noted in Ref. [6] (see also Ref. [27]), the BF-
theory with the axion term is not yet written solely in
terms of hydrodynamic degrees of freedom. The theory
includes a U(1) gauge field aµ which is not directly tied to
hydrodynamic variables (densities) and can be thought
of as a higher dimensional analogues of “statistical gauge
fields”, which appear in the composite particle theories
of quantum Hall liquid. (See Sec. II A). In this paper, we
complete our mission of deriving effective field theories
written solely in terms of hydrodynamic degrees of free-
dom by integrating over the statistical gauge field (Sec.
II B).
Along the course of implementing these technical steps,
we will also note that the integration of the statisti-
cal gauge field can be viewed as a procedure which ef-
fective implements the electromagnetic duality of the
Maxwell gauge field (Sec. II C). This allows us to develop
some physical picture of topological insulators; By mak-
ing a comparison with Julia-Toulouse approach to defect
condensation28, we will show a topological band as well
as trivial insulator phase can be viewed as a Higgs phase
of the statistical gauge field. This is in analogy with the
interpretation of the quantum Hall effect in the compos-
ite boson theory where the quantum Hall liquid is viewed
as arising by the condensation of composite bosons. (For
a similar condensation picture for bosonic topological in-
sulators, see Refs. [29 and 30].)
Furthermore, we will implement another aspect which
was not fully discussed in the previous work, in partic-
ular the compact nature of the gauge field, in Section
III. In the spirit of the functional bosonization approach,
the method of our choice to derive the hydrodynamic
field theory, we rely on the gauge invariance of the origi-
nal, microscopic theories, e.g., the U(1) gauge invariance
associated to the charge conservation. The functional
bosonization of Refs. [11 and 12] is a recipe that allow
to derive an effective action, which reproduces the corre-
lation functions of the current associated to the gauge
invariance. In the presence of monopoles, i.e., if one
were interested in the response of the system to the in-
troduction of monopoles, the U(1) gauge field must be
treated as a compact variable. The compact nature of
the U(1) gauge field can be made explicit by consider-
ing the monopole gauge transformations.31,32 They are
3discrete two-form gauge transformations, which originate
from the arbitrariness of the location of the Dirac strings
emanating from monopoles. (See, e.g. Ref. [33].) The
system must be invariant under the monopoles gauge
transformations in order for the precise locations of the
Dirac strings not to affect physics. Following the spirit
of the functional bosonization, one can derive a hydro-
dynamic theory for the collective variables associated to
the monopole gauge invariance. We will show how this
procedure can be implemented. Once the compact na-
ture of the gauge field is fully incorporated, the resulting
bosonized theory has much resemblance with the Cardy-
Rabinovici theory34 and the description of the condensed
phase of the Abelian-Higgs model in Ref. [35].
Subsequently, we will also discuss the boundary (sur-
face) of topological insulators in terms of the hydrody-
namic effective field theory in Section IV. As in the bulk,
the statistical gauge field can be integrated over to ob-
tain a hydrodynamic effective field theory. This process,
as in the bulk, can be viewed as an implementation of
the electromagnetic duality,36 and relates two different
2+1 dimensional theories with and without the statisti-
cal gauge field theory. This surface duality is essentially
the bosonized version of the recently proposed duality
between the free Dirac fermion and QED3 in Refs. [37–
39]. In addition, the resulting hydrodynamic theory is
compared with the Fradkin-Kivelson theory in Ref. [40],
which enjoys PSL(2,Z) duality symmetry.
Finally, in Section V, we discuss putative fractional
topological insulators by using the parton construction.
Assuming the electron fractionalization into partons, we
used the functional bosonization to derive the bulk and
surface hydrodynamic theories of fractional topological
insulators. We show the resulting theory in the bulk is
the ZK Cardy-Rabinovici theory with K > 1. We con-
clude in Section VI by discussing open problems.
II. FUNCTIONAL BOSONIZATION,
ELECTROMAGNETIC DUALITY, AND THE
JULIA-TOULOUSE APPROACH
In this section, we review the functional bosonization
of D = 3+1-dimensional topological insulators presented
in Ref. [6]. For technical simplicity, we will focus on topo-
logical insulators in symmetry class AIII in D = 3 + 1,
characterized by an integer-valued topological invariant,
the three-dimensional winding number ν, and protected
by chiral symmetry. This topological insulator is some-
what analogous to the time-reversal symmetric topologi-
cal insulator in symmetry class AII, in that it supports a
Dirac fermion surface state, and has a nontrivial axion-
electrodynamics response to the external electromagnetic
field. The difference is, however, that the latter is char-
acterized by a Z2 topological invariant, rather than an
integer topological invariant. To capture the Z2 nature of
topological insulators in AII class, one needs to consider
a dimensional reduction from a one higher dimension41
D = 4 + 1, whereas topological insulators in class AIII
in D = 3 + 1 can be studied on its own. An example of
topological insulators in AIII class can be found in Ref.
42 which discusses a lattice tight-binding model descrip-
tion. Topological insulators in symmetry class DIII in
D = 3+ 1 can also be studied in a similar way.
A. Functional bosonization
We start from the partition function in the presence of
an external gauge field, Z[Aex], where Aex is an external
U(1) gauge field associated to the electromagnetic U(1)
gauge invariance. The partition function is invariant un-
der the electromagnetic gauge transformations,
Z[Aex + a] = Z[Aex], where a = dφ. (2.1)
By making use of the gauge invariance, Z[Aex + a] =
Z[Aex] with a = dφ, one can average the partition func-
tion over a:
Z[Aex] = N
∫
D[a, b]Z[Aex + a]
× exp
( i
2π
∫
M4
b ∧ da
)
, (2.2)
where N is a normalization constant, and M4 is the
spacetime manifold of our interest. Here, the totally an-
tisymmetric rank two tensor b = (1/2)bµνdx
µ ∧ dxν is
introduced such that the integration over b enforces the
pure gauge condition da = 0. With a shift a→ a−Aex,
the partition function is given by
Z[Aex] = N
∫
D [a, b]Z[a]
× exp i
2π
∫
M4
b ∧ (da− dAex). (2.3)
So far, we have not assumed any microscopic details ex-
cept for the electromagnetic U(1) gauge invariance. i.e.,
the underlying system can be topologically trivial or non-
trivial, and may or may not include interactions. We now
specialize to the case of non-interacting topological band
insulators, which can be described, at low energies, by a
theory of free massive Dirac fermions. In this case, the
partition function Z[a] can be evaluated by integrating
over fermions in the presence of background gauge fields
a. The effective action can be expanded in terms of the
inverse band gap, and written as
Z[a] ∝ exp(−W [a]), (2.4)
where W [a] has the form
W [a] =
1
g2
∫
da ∧ ⋆da+ iθ
8π2
∫
da ∧ da+ · · · (2.5)
Here, ⋆ represents the Hodge dual, and g is the effective
coupling constant for the Maxwell term and θ is the elec-
tromagnetic polarizabilty (the theta angle). The theta
4angle is quantized, θ = π × (integer) in the presence of
time-reversal symmetry (AII) or CT symmetry (AIII).
To summarize, the bosonized partition function (in the
Euclidean signature) is given by
Z[Aex] = N
∫
D[a, b] e−S[a,b], (2.6)
where the effective Euclidean action S[a, b] is
S[a, b] = − i
2π
∫
b ∧ (da− dAex)
+
τ2
4π
∫
da ∧ ⋆da+ iτ1
4π
∫
da ∧ da, (2.7)
where we have introduced a complex coupling by
τ = iτ2 + τ1 = i
4π
g2
+
θ
2π
. (2.8)
These steps of the functional bosonization, starting
from the U(1) gauge invariance in Eq. (2.1) to the fi-
nal bosonized action of Eq. (2.7), were carried out in the
previous paper, Ref. 6. We now raise two issues, which
we will discuss in the rest of the paper.
1. Role of the fields bµν and aµ
The bosonized effective theory consists of the path in-
tegral over two kinds of gauge fields, a vector (gauge)
field aµ and and an anti-symmetric tensor field (Kalb-
Ramond) bµν . The first issue pertains to the role played
by these two gauge fields in the functional bosonization.
From the functional derivative of lnZ[Aex] with respect
to the external gauge field Aex, one establishes the iden-
tification ǫµνρλ∂νbρλ as the electromagnetic U(1) current
jµ (“bosonization dictionary”),
jµ :=
δ
δAexµ
lnZ[Aex] =
1
2π
ǫµνρλ∂νbρλ (2.9)
(in the Minkowski signature). On the other hand, the
gauge field aµ does not appear to be related to any phys-
ical quantity. In fact, for the case of the D = 2 + 1
dimensional quantum Hall effect or Chern insulators, a
comparison between the functional bosonization and the
composite boson theory shows that aµ plays a role sim-
ilar to the “statistical gauge field” of the theories of the
fractional quantum Hall effect.43,44 In the composite bo-
son theory, this statistical gauge field is introduced to
change the fermionic statistics of electrons into bosonic
statistics to form “composite bosons” out of electrons.
In the composite boson theory of the quantum Hall
effect43 (both integer and fractional quantum Hall ef-
fect), the composite bosons undergo condensation, and,
as a consequence, the statistical gauge field acquires a
mass by a Higgs mechanism. To be more precise, the
Meissner effect occurs the combination of the statisti-
cal and the electromagnetic U(1) gauge fields. In the
condensed phase, one can make use of the boson-vortex
duality in D = 2 + 1 dimensions to rewrite the theory
– written in terms of the composite boson field and the
statistical gauge field – into the theory written in terms
of the “vortex gauge field” interacting with the statistical
gauge field. One can then integrate over the statistical
gauge field to end up with the single-component hydro-
dynamic Chern-Simons theory of the vortex gauge field.
This vortex gauge field corresponds to the gauge field bµ
in the functional bosonization. In passing, we note that
the composite particle approach is possible only when the
magnetic field is non-zero, and cannot be applied to the
trivial band insulator, while the functional bosonization
does apply to both trivial and non-trivial band insulators
as well.
Following our discussion in D = 2+1, we can interpret
aµ in D = 3+ 1 as a counterpart of the statistical gauge
field aµ in D = 2 + 1 dimensions. On the other hand,
bµν is directly related to the electric charge current, and
hence it is a natural hydrodynamic variable, analogous
to the hydrodynamic gauge field of the Fquantum Hall
in 2+1 dimensions.9 Following D = 2 + 1, it is desir-
able to integrate over statistical gauge fields aµ to obtain
the theory written solely in terms of the hydrodynamic
variable.
2. Condensation picture
The above comparison with the composite particle the-
ory (the composite boson theory) of the quantum Hall
effect leads to our second issue. In the quantum Hall
effect or in Chern insulators, the insulator phases are in-
terpreted as a phase where composite bosons condense.
On the other hand, it is not clear (yet) what is the physi-
cal picture suggested by the effective bosonized action of
Eq. (2.7). It is highly desirable to establish a physical in-
terpretation of (topological) insulator phases within the
functional bosonization. In the following, we will address
these issues.
3. Compact v.s. non-compact U(1) gauge invariance
Before proceeding, it is important to emphasized that
we have treated both Aex and a as non-compact U(1)
gauge fields. This may be justified, in the spirit of the
functional bosonization, if we are interested only in the
response of the system to smooth configurations of Aex;
The bosonized action of Eq. (2.7) is capable of describing
the system’s response to smooth configurations of Aex,
which does not include monopoles. It is however well-
known that one of the defining properties of topological
insulators is their response to monopoles.45 For this rea-
son, it is desirable to develop the functional bosonization
scheme which fully takes into account the presence of
monopoles in Aex (and a as well). Note that, as a conse-
quence of the presence of monopoles, electric charges in
5the system are quantized in the unit of the elementary
magnetic charge. This is the Dirac quantization condi-
tion.
Instead of considering monopoles in Aex, one can im-
pose the quantization of electric charges from the outset.
This in turn makes the gauge field Aex (and a as well) an
angular variable, and the corresponding gauge group is
compact U(1). (Note also that if the system of interest
is defined on a lattice, a compact U(1) gauge field can
be introduced naturally, by defining the gauge field on
links. However, the existence of an underlying lattice is
neither necessary nor sufficient to discuss the compact
U(1) gauge theory.) Because of the compact nature of
the gauge field, discontinuous configurations of Aex (and
a) are allowed, and hence monopoles exist in the compact
U(1) gauge theory.
These two mechanisms of charge quantization, one be-
cause of the Dirac quantization condition in the pres-
ence of monopoles, and the other in which it is enforced
from the outset, may seem logically independent. These
two points of view, however, are essentially the same.
Nevertheless, details of the bosonization procedure dif-
fer slightly depending on which points of view we take;
if we take the gauge group to be a compact U(1), or if
we merely allow the presence of monopoles in the sys-
tem. The latter point of view can be implemented as the
monopole gauge invariance, as we will discuss.
The reason why we have emphasized compact v.s. non-
compact nature of the gauge fields is that this is closely
related to the condensation picture of topological (as well
as ordinary) insulators; condensed phases of the U(1)
gauge theory, which can possibly coupled to matter fields
of various kinds, may be described as condensation of
electric charges (Higgs phases), condensation of magnetic
charges (confined phases), or condensation of both mag-
netic and electric charges (oblique confinement). To be
able to access and discuss these phases, one of which
may describe (topological) insulator phases, it is well-
advised to keep the compact nature of the gauge fields
and monopoles in Aex and a. In fact, as our analysis
below will reveal, topological as well as ordinary band
insulator phases can be identified as the Higgs phase of
the gauge field a or the monopole condensation phase of
the dual gauge field of a.
4. The Julia-Toulouse mechanism
In the next section, we will integrate over the “sta-
tistical” gauge field aµ. We first attempt this in a di-
rect way (see below), and then make a connection to the
electromagnetic duality (S-duality).36 While we have em-
phasized the importance of including compact nature of
the U(1) gauge field, we will first proceed with the “non-
compact version” of the bosonized action of Eq. (2.7):
We postpone to discuss the compact U(1) gauge field in
Sec. III.
As we will demonstrate, the b field, once the com-
pact nature of the gauge field is implemented, is treated
as a discrete variables. Even so, however, if defects
(monopoles) of the dual gauge field condense, the b field
can be treated as a continuum variable: From the point
of view of the dual gauge field, db represents monopole
currents (recall that db represents electric currents in
terms of the original gauge field Aex and a). Once
monopoles in the dual gauge field proliferate, db can be
treated as a continuum variable. This is nothing but
the Julia-Toulouse approach to defect condensation.28
In Appendix C, we give a short summary of the Julia-
Toulouse approach following the work of Quevedo and
Trugenberger.46
In the next section, we integrate over the non-compact
statistical gauge field aµ in Eq. (2.7). This will reveal the
electromagnetic duality, which, together with the Julia-
Toulouse approach, allows us to discuss the Higgs phase
as well as the confined phase of the theory with a compact
U(1) gauge field a. In fact, the BF coupling in the effec-
tive action of Eq. (2.7), by construction, enforces da = 0
everywhere, which is indicative of the Higgs phase. The
compact nature of the U(1) gauge fields and monopoles
will be discussed in Sec. III, where the b field is treated
as a discrete variable. By making a comparison with the
Cardy-Ravinovici theory,34 we will confirm the conden-
sation picture even when the compact nature of the U(1)
gauge field is taken into account.
B. Integration over the statistical gauge field
Since the Euclidean action of Eq. (2.7) is quadratic,
the integration over the gauge field aµ can be done by
using its equation of motion:
i
2
∂λbµνε
µνλκ + τ2∂λfκλ[a] +
iτ1
2
εµκλρ∂µfρλ[a] = 0,
(2.10)
where f [a] is the field strength of a. While the last term
is identically zero (the Bianchi identity), we will keep
this term to be consistent with the derivation using the
electromagnetic duality. This equation of motion can be
solved by
bµν = τ1fµν + τ2
i
2
εµνλρfλρ. (2.11)
This solution, however, is not unique as one could add
any term which vanishes when acted with the operator
εµνλκ∂λ. Hence, starting from the solution given above,
one can generate the family of solutions
bµν → bµν + ∂µvν − ∂νvµ, (2.12)
since
εµνλκ∂λ(∂µvν − ∂νvµ) = 0. (2.13)
6To eliminate aµ, we plug the solution of the equation of
motion into the action to obtain
S =
τ˜2
4π
∫
M4
(b+ dv) ∧ ⋆(b+ dv)
+
−iτ˜1
4π
∫
M4
(b+ dv) ∧ (b+ dv) (2.14)
where we introduced the dual coupling as
τ˜ = iτ˜2 + τ˜1 = − 1
τ
(2.15)
where
τ˜1 = − τ1
τ21 + τ
2
2
, τ˜2 =
τ2
τ21 + τ
2
2
, (2.16)
are, respectively, the real and the imaginary parts of the
dual coupling.
C. Electromagnetic duality
We will now give more transparent derivation of the
hydrodynamic action (2.14) by invoking the electromag-
netic duality. In particular, we will show the one-form v
can be interpreted as a dual gauge field to aµ.
1. Review of the electromagnetic duality in the vacuum
As a warm up, let us follow Ref. 36 and review the elec-
tromagnetic duality of the Maxwell theory in the vacuum
which is described by the Euclidean action
S =
τ2
4π
∫
da ∧ ⋆da+ iτ1
4π
∫
da ∧ da. (2.17)
To this end, the Maxwell action is expanded by intro-
ducing a two-form gauge field uµν and a one-form gauge
field vµ as
S =
i
4π
∫
dv ∧ u
+
τ2
4π
∫
(da− u) ∧ ⋆(da− u)
+
iτ1
4π
∫
(da− u) ∧ (da− u). (2.18)
In addition to its invariance under the electromagnetic
U(1) gauge transformations, this theory is also invariant
under the following two-form gauge invariance
aµ → aµ + ξµ,
uµν → uµν + ∂µξν − ∂νξµ. (2.19)
The extended theory is equivalent to the Maxwell the-
ory, as can be seen upon integrating over v to set du = 0.
Alternatively, we can first gauge away aµ by using a
two-form gauge transformation, aµ → aµ + (−aµ) and
uµν → uµν − ∂µaν + ∂νaµ, and consider
S =
∫
M4
[
i
2π
dv ∧ u+ τ2
4π
u ∧ ⋆u+ iτ1
4π
u ∧ u
]
. (2.20)
One can then integrate over the two-form gauge field uλρ
to get the dual action,
S =
∫
M4
[
τ˜2
4π
dv ∧ ⋆dv + iτ˜1
4π
dv ∧ dv
]
. (2.21)
We have thus established the duality (electromagnetic
duality or S-duality)
aµ ↔ vµ, τ ↔ τ˜ = − 1
τ
. (2.22)
By combining the S-duality of Eq. (2.22) with the peri-
odicity of the theta angle,
τ → τ = τ + n, n ∈ Z, (2.23)
one can generate the full SL(2,Z) (actually, PSL(2,Z))
group of duality transformations, which consists of the
following set of modular transformations
τ → aτ + b
cτ + d
, a, b, c, d ∈ Z, ad− bc = 1. (2.24)
2. Integrating over the statistical gauge field
We now go back to our bosonized Lagrangian, and in-
tegrate over the statistical gauge field. Our bosonized
action differs from the Maxwell theory, Eq. (2.17), by
the presence of bµν . Following the discussion on the elec-
tromagnetic duality, we introduce two-form and one-form
gauge fields, uµν , vµ,
S = − i
2π
∫
b ∧ (da− u) + i
2π
∫
dv ∧ u
+
τ2
4π
∫
(da− u) ∧ ⋆(da− u)
+
iτ1
4π
∫
(da− u) ∧ (da− u). (2.25)
Integration over v and b sets du = 0 and also da−u = 0.
and hence the theory is in some sense trivial since after
substituting these, the action vanishes identically.
Even in the presence of b, the duality transformation
presented above can still be carried out and one obtains
S =
i
2π
∫
b ∧ dAex − i
2π
∫
(b+ dv) ∧ U ex
+
τ˜2
4π
∫
(b+ dv) ∧ ⋆(b+ dv)
+
iτ˜1
4π
∫
(b + dv) ∧ (b+ dv), (2.26)
7where we have reinstated the external sources. Here U ex
is the external monopole gauge field, which will be dis-
cussed in detail in the next section. We have thus elimi-
nated statistical gauge fields aµ and uµν and express the
theory in terms hydrodynamic degrees of freedom. A
similar theory is presented, for example, in Refs. [47–49].
Our final hydrodynamic theory, Eq. (2.26), written in
terms of v and b, is fully gapped. This should be ex-
pected since our original theory is trivial in the sense
that upon integration over b and v, it sets du = 0
and also da − u = 0. After substituting these, the ac-
tion simply vanishes. To see why the theory is fully
gapped, we first note that the hydrodynamic theory of
Eq. (2.26) is invariant under 2-form gauge transforma-
tions bµν → bµν + ∂µξν − ∂νξµ and vµ → vµ − ξµ. By
making use of this gauge invariance, we can gauge away
the one-form gauge field vµ to obtain an action in terms of
bµν . The resulting theory is clearly gapped with no prop-
agating degrees of freedom. If one wishes, it would also
be possible to add a gauge invariant kinetic term for bλρ,
Λ−2db ∧ ⋆db. One then derive a (two-form) analogue of
the massive Klein-Gordon equation with the mass∝ Λ|τ˜ |.
The action of Eq. (2.26) corresponds to the infinite mass
limit Λ→∞. (See Refs. [46] and [47].)
This is nothing but a 2-form analogue of the familiar
Higgs mechanism. A natural framework to discuss this
is the so-called Julia-Toulouse approach of defect con-
densations – see below. In superconductors, the phase
of the Cooper pair θ couples to the (dynamical) electro-
magnetic U(1) gauge potential Aµ through the kinetic
term |∂µθ + qAµ|2 where q is the charge of the Cooper
pair. We are assuming that we are in the phase where
the Cooper pairs condense and hence their amplitude are
frozen. Taking the gauge where we remove the Cooper
pair phase θ → θ + (−θ) and qAµ → qAµ + ∂µθ, the
kinetic term reduces to the photon mass term AµA
µ.
Comparing with the generic prescription of the Julia-
Toulouse approach, reviewed in Appendix C, in our situ-
ation, φh−1 = v, ω = b. We thus ended up with the pic-
ture where band insulator = condensation of monopoles
in the dual gauge field vµ. This should be equivalent
to the Higgs phase of the original statistical gauge field
aµ. Thus, as in the D = 2 + 1 quantum Hall effect, we
are lead to identify the insulators as the condensation
of charges in the statistical gauge field. Observe also
that in our example the topological current is given by
Jd−h = ⋆dωh = db. By the bosonization rule, this may
simply be identified as a charge current. Thus, the con-
servation of the current, in this interpretation, is because
we enforce the theory to be in the monopole condensation
phase of v.
III. FUNCTIONAL BOSONIZATION WITH
MONOPOLES
As advocated, we now make a further step by devel-
oping the functional bosonization that can deal with the
compactness of Aex. As discussed in Sec. II A, the com-
pact nature of the U(1) gauge field can be incorporated
by demanding the quantization of charges or by intro-
ducing monopoles into the theory. We will implement
functional bosonization in terms both of these point of
view. The resulting bosonized theory will be compared
with the Cardy-Rabinovici theory.34
A. Bosonization with compact U(1)
Let us recall the starting point of the bosonization,
Eq. (2.2), in which the flat connection condition da = 0
is imposed by the auxiliary field b. Instead of imposing
da = 0 strictly, we can impose da ≡ 0 mod 2π locally
(i.e., for all plaquettes if we work on a lattice). If so,
the auxiliary two-form gauge field bµν must be a discrete
variable. (This is standard in abelian compact gauge
theories on a lattice, see, e.g., Refs. [33, 50, and 51].) To
see this, we consider the generalized Poisson summation
formula: ∑
ND−p
exp
(
2πi
∫
MD
δp(ND−p) ∧ AD−p
)
=
∑
Qp
δ(AD−p − δD−p(Qp)), (3.1)
valid for an arbitrary D − p form AD−p. Here, the delta
function form δD−p(Np) is a D−p form associated to a d-
dimensional submanifold of spacetime MD, and defined
by the relation∫
MD
Ap ∧ δD−p(Np) =
∫
Np
Ap (3.2)
for an arbitrary p-form Ap. Useful properties of the delta
forms are summarized in Appendix. In the generalized
Poisson identity, Eq. (3.1), the summation
∑
ND−p
runs
over all possible D−p dimensional submanifolds ofMD.
Thus, the following sum over the discrete auxiliary field
b ∑
b=δ(M2)
exp
(
iqe
∫
da ∧ b
)
(3.3)
enforces da to be given in terms of the delta function for
some manifold N2 as:
da = 2πq−1e δ(N2). (3.4)
To summarize, analogously to Eq. (2.7), the bosonized
partition function/action is given by
Z[Aex] = N
∫
D[a]
∑
b=δ(M2)
exp(−S), (3.5)
where the Euclidean action S now is
S = −iqe
∫
b ∧ (da− dAex)
+
τ2
4π
∫
da ∧ ⋆da+ iτ1
4π
∫
da ∧ da. (3.6)
8The integration over the statistical gauge field can be
done as in the non-compact case, and we obtain the final
bosonized theory
Z =
∫
D[v]
∑
b=δ(M2)
exp(−S), (3.7)
where the final form of the Euclidean action becomes
S = iqe
∫
b ∧ dAex
+
τ˜2
4π
∫
(2πqeb+ dv) ∧ ⋆(2πqeb+ dv)
+
iτ˜1
4π
∫
(2πqeb+ dv) ∧ (2πqeb+ dv). (3.8)
B. Bosonization with monopole gauge invariance
1. Review of monopole gauge invariance
To discuss the effect of monopoles, it is convenient to
introduce a monopole gauge field Σµν for Aµ.
35,46,52 In
the absence of monopoles, the field strength is closed,
dF2 = 0, and if we assume we have a manifold with
trivial second homotopy group, we can also conclude F2
is exact, i.e., F2 = dA1. If, however, we allow monopoles,
dF2 = Jm3 (3.9)
where Jm3 is a three-form representing the magnetic cur-
rent. For example, in the presence of a single monopole
source with magnetic charge qm, it is given by
Jm3 = qmδ3(L1), (3.10)
in completely analogy to the electric current 3-form,
which is given by, in terms of a world line C1 of point
particle with charge qe, as
Je3 = qeδ3(C1). (3.11)
If we consider the open submanifold N2 which has the
world-line L1 as its boundary, ∂N2 = L1, then we can
write
Jm3 = qmdΣ2, Σ2 = δ2(N2), (3.12)
where we note the formula
δD−n+1(∂Nn) = (−1)ndδD−n(Nn), (3.13)
and hence dΣ2 = dδ2(N2) = δ(L1).
In the presence of monopoles, we can almost have a
connection that has F as its curvature, up to an unob-
servable flux tube,
F2 = dA1 + qmΣ2, (3.14)
where Σ2, the monopole gauge field, consists of unob-
servable flux tubes.
Physical observables, e.g. F2, are invariant under a
monopole gauge transformation generated by
A1 → A1 + η1, Σ2 → Σ2 + σ2, (3.15)
where the one-form η1 and the two-form σ2 are given in
terms of a 3d manifold M3 as
η1 = qmδ1(M3),
dη1 = −qmσ2,
σ2 = δ2(∂M3). (3.16)
The monopole gauge invariance, for example, directly
leads to the Dirac quantization condition of the electric
and magnetic charge. The minimal coupling between the
U(1) gauge field and the electric current
Smin = qe
∫
A1 ∧ Je3 (3.17)
is transformed, by monopole gauge transformations, into
qe
∫
A1 ∧ Je3 → qe
∫
A1 ∧ Je3 + qe
∫
η1 ∧ Je3. (3.18)
Demanding the invariance of exp(iSmin) under the
monopole gauge transformations leads to the Dirac quan-
tization condition of the electric and magnetic charges,
qeqm = 2π × (integer), (3.19)
where we used that for arbitrary surfacesMp and ND−p,
∫
δD−p(Mp) ∧ δp(ND−p) = I(Mp,ND−p) (3.20)
where I(Mp,ND−p) is the intersection number, which is
an integer.
2. Bosonization with monopole gauge invariance
The presence of monopoles demands the introduction
of monopole gauge invariance. Following the spirit of the
functional bosonization, one can bosonize the conserved
current associated with the monopole gauge invariance.
Let us start from the partition function in the presence
of external gauge fields,
Z[Aex, U ex], (3.21)
where Aex is an external U(1) gauge field associated to
the electromagnetic U(1) gauge invariance, and U ex is
an external gauge field associated to the monopole gauge
invariance. The partition function is invariant under the
following two types of gauge transformations: (i) Elec-
tromagnetic gauge transformations,
Z[Aex + a, U ex] = Z[Aex, U ex],
where a = dφ. (3.22)
9(ii) Monopole gauge transformations,
Z[Aex + ξ, U ex + u] = Z[Aex, U ex],
where dξ + qmu = 0. (3.23)
Here, u is a “compact” variable given by
u = δ2(M2), (3.24)
whereM2 has no boundaries, ∂M2 = 0. If the topology
of the spacetime is trivial, by Poincare’s lemma,M2 can
be written as M2 = ∂M′3.
The details of the functional bosonization of
Z[Aex, U ex] with these gauge invariance are presented in
Appendix B. The final hydrodynamic theory is given by
Z[Aex, U ex] = N
∫
D[b, v]
∂N2=0∑
w=δ(N2)
exp(−S), (3.25)
where
S = i
∫
(qeb+ dv) ∧ qmU ex + iqe
∫
b ∧ dAex
+
τ˜2
4π
∫
α ∧ ⋆α+ iτ˜1
4π
∫
α ∧ α (3.26)
where
α
2π
= qeb+ dv + 2πq
−1
m w. (3.27)
The form of the final action is almost identical to the
calculations without monopoles that we did in Sec. II.
The only modification is the appearance of the discrete
variable w = δ(N2).
C. Comparison with the Cardy-Rabinovici theory
To develop a physical interpretation of the final
bosonized action, let us make a comparison with the
Cardy-Rabinovici theory.34 The Cardy-Rabinovici the-
ory is defined on a four-dimensional hypercubic lattice.
Its partition function is given by
Z = Trφ,n,s
∏
r
δ[∆µnµ(r)] exp(−S), (3.28)
where φµ (µ = 1, . . . , 4) is a compact U(1) gauge field (an
angular variable) defined on the links of the lattice, and
nµ and sµν are integer-valued fields defined respectively
on links and plaquettes, respectively. The integer-valued
two-form gauge field sµν amounts to allowing multivalued
configurations of the gauge field. The sum on sµν corre-
sponds to a sum over topologically non-trivial configura-
tions with magnetic monopoles.50 In fact, the monopole
current is given explicitly by
mµ =
1
2
ǫµνλσ∆νsλσ. (3.29)
where ∆µ is the lattice difference operator in the µ-
direction. On the other hand, we interpret nµ as the
electric current of a charge field. The discrete delta
function δ[∆µnµ(r)] enforces current conservation. The
Boltzmann weight is given by
S = −iK
∑
L
nµφµ +
1
2g2
∑
P
ΓµνΓµν
− iKθ
32π2
∑
r,r′
f(r − r′)ǫµνλσΓµν(r)Γλρ(r′), (3.30)
where Γµν = ∆µφν −∆νφµ − 2πsµν is the field strength.
The second and third terms are the Maxwell and axion
terms, respectively. (The precise nature of the smearing
function f(r − r′) is not important here.) The sum over
nµ has the effect of constraining φµ to take its values re-
stricted to the abelian cyclic group ZK, φµ = (2π/K)kµ.
Because the sum over nµ is constrained, we can always
add any total divergence to φµ. Thus, the restriction to
φµ = (2π/K)kµ represents a partial fixing of the gauge.
The action is quadratic in φµ, so we may integrate it
out to obtain the Coulomb gas representation of inter-
acting electric and magnetic currents:
Z = Trn,s
∏
r
δ[∆µnµ(r)] exp(−S), (3.31)
where
S = +
2π2
g2
∑
r,r′
mµ(r)G(r − r′)mµ(r′)
+
1
2
K2g2
∑
r,r′
n˜µ(r)G(r − r′)n˜µ(r′)
− iK
∑
r,r′
mµ(r)Θµν (r − r′)nν(r′). (3.32)
Here, G is the lattice Green function and
n˜µ(r) = nµ(r) +
θ
2π
mµ(r) (3.33)
is the electric current, modified to include the induced
electric charges of the magnetic monopoles due to the
Witten effect. The first two terms in the new action de-
scribe the Coulomb interactions of a gas of electric and
magnetic charges. The last term represents the statisti-
cal interaction (the Aharonov-Bohm effect) between an
electric current Kgnµ and the Dirac string of a magnetic
monopole current 2πg−1mµ. Θµν , the antisymmetric ma-
trix appearing in the last term, is essentially the “angle”
between the two currents, in the plane perpendicular to
mµ and nν .
The duality of the model can conveniently be described
by the complex coupling ζ = θ/(2π)+i(2π)/(Kg2); Under
the duality, ζ → −1/ζ and ζ → ζ + 1.
By comparing entropy and free energy, Cardy and Ra-
binovici showed that for certain parameter ranges, there
are phases in this model where a condensate of current
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loops carrying electric and magnetic charges in the ratio
−p/q is formed. For example, setting m = 0, we obtain
the electric charge condensation. Observe that in this
case, the theta term drops out from the action. On the
other hand, setting n = 0, we obtain the monopole con-
densation. For generic values of p and q, the resulting
phase is an example of oblique confinement.53
Now, coming back to our bosonized action in Eq. (3.7),
the dual gauge field v plays the role of φ, and the dis-
crete variable b the role of s. There is no counter part
of the electric current n in the bosonized action. Af-
ter integrating over v, the bosonized action is written in
terms of the discrete monopole charge b. By comparison
with the Cardy-Rabinovici theory, the phase represented
by the bosonized action is the monopole condensation
of the dual gauge field v. This, in turn, implies that in
terms of the original gauge field a, this phase is the Higgs
phase of a.
On the other hand, the bosonized action (3.25) can
be compared with the similar field theory presented in
Ref. 35 In Ref. 35, the Higgs phase of the Abelian-Higgs
model, where electric charges condense, in the presence
of monopoles, is described by the action
Z(Jg) =
∫
D[B2]
′∑
Σ˜g=δ(B2)
exp(iS),
S =
∫
M4
{
− 1
2e2v2
dB2 ∧ ⋆dB2 − 1
2
B2 ∧ ⋆B2
+ gB2 ∧ Σ˜g
}
, (3.34)
where Σ˜g corresponds to the monopole gauge field for the
electromagnetic U(1) gauge field. The first term in the
action is the kinetic term for the two-form gauge field
B2, which, for our purpose, can be simply dropped. We
can make a correspondence b ↔ B, w ↔ Σ˜g. In our
case, w is the monopole gauge field of the dual gauge
field. This in turns means we are in the presence of the
dual of the electric charge condensation – i.e. monopole
condensation.
IV. SURFACE THEORY
In this section, we will develop a hydrodynamic theory
that describes the D = 2+1 dimensional surface of 3+1-
dimensional topological insulators.
A. Functional bosonization on the surface
Here, we derive the hydrodynamic description for
the surface of a topological insulator by the functional
bosonization. The surface of a 3 + 1 D non-interacting
topological insulator hosts gapless Dirac fermions which
are described, schematically, by the lagrangian:
L =
Nf∑
a=1
ψ¯ai(∂µ − iAexµ )γµψa, (4.1)
where Nf , the number of surface Dirac fermion flavors,
is determined from the bulk topological invariant. In the
following, we will focus on the case where the chemical
potential is exactly at the Dirac point. One can try to
apply the functional bosonization recipe developed in the
preceding sections (see also Ref. [27]) to the surface Dirac
fermion theory:
Z[Aex] = N
∫
D[a]
∑
b=δ(N2)
× Z[a] exp
[
i
∫
b ∧ (da− dAex)
]
, (4.2)
where two one-form U(1) gauge fields bµ and aµ are in-
troduced. Here b is a compact (discrete) variable (see the
comment below). While the formal step leading to Eq.
(4.2) is completely identical to the corresponding step
in the bulk bosonization, compared with the functional
bosonization in the gapped bulk, one cannot organize the
integration over the gapless surface fermions in terms of
the inverse gap expansion. Nevertheless, one can develop
a systematic expansion if the number flavors Nf of sur-
face massless fermions is large. (See also Refs. 54 and
55.)
To the leading order in the 1/Nf expansion, the effec-
tive actionW [a], related to the fermion partition function
as Z[a] ∝ exp(−W [a]), is given by
W [a] =
g
4π
∫
d3x fµν [a](∂
2)−1/2fµν [a]
+
f
4π
∫
d3x εµνλaµ∂νaλ + · · · (4.3)
where ∂2 is the Laplacian in 2+1 dimensional Euclidean
space-time, and f and g ∼ Nf are parameters.
Summarizing, within the large Nf expansion, the re-
sulting bosonized theory can be written as
S = i
∫
d3x bµǫ
µνλ (fνλ[a]− fνλ[Aex])
+
1
2
∫
d3xaµD
µνaν , (4.4)
where
Dµν =
1
2π
[
g(∂2)−1/2Pµν + fǫµαν∂α
]
,
Pµν = −∂2gµν + ∂µ∂ν . (4.5)
Here gµν is the metric of ∂M4.
Observe that the kinetic term of the statistical gauge
field aµ, generated by integrating over the gapless
fermions, is non-local in spacetime. It is this non-
locality that prevents condensation in the language of
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the bosonized theory. This is necessary for the internal
consistency of the functional bosonization since once the
statistical gauge field is “Higgsed”, the bosonized theory
is gapped, whereas the original surface theory is gap-
less. In turn, since we do not expect the condensation,
it is preferred to work with the discrete hydrodynamic
variable b. This should of course be contrasted with the
Julia-Toulouse where the discrete nature of b is immate-
rial once the condensation happens.
Upon integrating over aµ, we obtain the following ef-
fective action for the gauge field bµ,
S = i
∫
d3x bµǫ
µνλfνλ[A
ex] +
1
2
∫
d3x bµD˜
µνbν , (4.6)
where D˜µν is the operator
D˜µν =
1
2
1
2π
[
g˜(∂2)−1/2Pµν + f˜ ǫµαν∂α
]
, (4.7)
and g˜ and f˜ are the dual couplings
g˜ =
g
f2 + g2
, f˜ = − f
f2 + g2
. (4.8)
The transformation Dµν → D˜µν is precisely the duality
transformation discussed in Ref. [40]. Below we will give
a brief review of the results of Ref. [40]. A comparison
of the the bosonized surface theory with the Fradkin-
Kivelson theory will also be given shortly.
Following the discussion of the bulk electromagnetic
duality, we define a complex coupling
z = f + ig. (4.9)
In terms of z, duality is the mapping
z → z˜ = −1
z
. (4.10)
Periodicity is the mapping
z → z˜ = z + n, n ∈ Z (4.11)
In addition, the charge conjugation is the operation
z → z˜ = −z∗. (4.12)
These transformation can be combined to form the mod-
ular group.
z → az + b
cz + d
, a, b, c, d ∈ Z, ad− bc = 1. (4.13)
Thus, similarly to the bulk, integration over the statisti-
cal gauge field is correlated with the duality transforma-
tion. The derivation of the hydrodynamic theory on the
surface thus closely parallels the derivation in the bulk.
Integration over the statistical gauge field thus entails
to dualization. This connection between the bulk and
surface duality transformations is essentially what was
observed by Witten in Ref. [56].
It should be noted that in the above discussion the
duality relates two different theories. Starting from the
theory with two gauge fields a and b, integration over
the statistical gauge field leads to the theory solely writ-
ten in terms of b with the dualized coupling. This is
similar to what was observed for the 2+1-dimensional
Chern-Simons theory by Witten.56 That a duality relates
two different theories is a common phenomenon in 2+1-
dimensional field theories. This should be contrasted
with the electromagnetic duality of the four-dimensional
U(1) gauge theory where the duality acts on the cou-
pling constant of the theory, but do not modify the the-
ory itself. More recently, a duality between the free Dirac
fermion and the QED has been discussed in Refs. [37 and
38]. The 3d mirror symmetry, relating the N = 2 super-
symmetric QED in 2+1 dimensions to the so-calledXY Z
model (the Wess-Zumino model), is another example.57
To make a contact with the recently proposed duality
between the free Dirac fermion in 2+1 dimensions and
QED3 in Refs. [37 and 38], note that the hydrodynamic
surface theory in Eq. (4.6) is “designed”, by the func-
tional bosoniation receipt, to describe Nf massless Dirac
fermions at the 2 + 1 dimensional surface; The action of
Eq. (4.6), within the large Nf expansion, reproduces the
correct effective action for Aex, which can be obtained
by integrating out b. Now, going back to the theory be-
fore integrating over the statistical gauge field, one can
interpret the action of Eq. (4.4) as describing a “mat-
ter field” in terms of the gauge field aµ, which couples
to a dynamical gauge field b. This matter field, follow-
ing our discussion just above on the action of Eq. (4.6),
can be interpreted as a massless Dirac fermion, which is
different from the original surface electric Dirac fermion.
(Although one should note that aµ is a compact and con-
tinuum variable, where as b is a discrete variable.) Thus,
the equivalence of the bosonized theory in Eq. (4.4) and
the hydrodynamic theory Eq. (4.6) is exactly the particle-
vortex duality discussed in Refs. [37 and 38]. In other
words, db represents the current associated to the mass-
less Dirac fermion, while da is associated to the dual
massless Dirac fermion.
B. Comparison with the Fradkin-Kivelson theory
Furthermore, the hydrodynamic theory Eq. (4.6) is
nothing but the theory proposed and studied in Ref. [40].
We now give a brief overview of the Fradkin-Kivelson the-
ory, and compare it with the bosonized surface theory.
The Fradkin-Kivelson model is defined by
Z =
∑
{ℓµ}
∏
r
δ[∆µℓµ(r)] exp(−S[ℓ]), (4.14)
where ℓµ is an integer-valued variable defined on a link
of a three-dimensional lattice, and represents a con-
served current, i.e. the worldlines of particles in 2+1-
dimensional Euclidean space-time. Since the currents
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form closed loops this theory is a theory of charged par-
ticles at charge neutrality. In other words, the theory
preserves particle-hole symmetry – its importance has
recently been discussed in Refs. [37, 38, and 58] in the
context of the half-filled Landau level and its connection
to the surface of topological insulators. The Boltzmann
weight of a configuration of loops is given by
S[ℓ] =
1
2
∑
r,r′
ℓµ(r)Gµν (r − r′)ℓν(r′)
+
i
2
∑
r,R
ℓµ(r)Kµν(r, R)ℓν(R)
+ i
∑
r,r′
e(r − r′)ℓµ(r)Aµ(r)
+
∑
R,R′
h(R−R′)ℓµ(R)Bµ(R′)
+
1
2
∑
r,r′
Aµ(r)Π
0
µν (r, r
′)Aν(r
′). (4.15)
Here r and R represent sites on the 2+1 dimensional
cubic lattice and on its dual lattice, respectively, and
Gµν and Kµν are given in momentum space as
Gµν(k) =
g√
k2
(
δµν − kµkν
k2
)
,
Kµν(k) = ifεµνλ
kλ
k2
, (4.16)
where f and g are real coupling constants of the the-
ory. Here Aµ and Bµ are, respectively, background gauge
fields and their associated field strengths. The electric
and magnetic charges of the particles are represented by
e and h (in a point-split representation). An extension
of this loop model was considered more recently by Ger-
aedts and Motrunich,59 in which two species of parti-
cles, each carrying either electric or magnetic charge (but
not both), are introduced (as opposed to the Fradkin-
Kivelson theory, in which electric and magnetic degrees
of freedom are distributed between the original and dual
lattices, respectively, by the point splitting prescription).
Recalling the bosonization dictionary db ∝ j, we see
that the kernels Gµν and Kµν have the same structure
as Dµν and D˜µν . Thus, within the large Nf expansion,
the surface of topological insulators realizes the Fradkin-
Kivelson theory in Ref. [40]. Alternatively, one can con-
sider turning on the Coulomb interaction by promoting
Aex into the dynamical electromagnetic U(1) gauge field.
The resulting theory, once “projected” to the surface, is
given by the theory discussed in Ref. [40]. (See Ref. [60]
for a related discussion.)
From this point of view, the non-locality of the ac-
tion of the loop model of Ref. [40] can be understood
as a consequence of being a theory of charged particles
(with charges of both signs) that reside on a surface, in-
teracting through a quantized Maxwell gauge field. The
linking number represented by the odd-parity term in the
action is a simply a Chern-Simons term on that surface
or, equivalently, a θ term in the 3+1-dimensional space-
time. In other words, the loop model is equivalent to
Witten’s modular-invariant theory36 on a four-manifold
with a boundary that represents the 2+1-dimensional
space-time with a charged massless fermionic field on the
boundary. This is precisely the theory of the surface
states of the 3+1-dimensional topological insulator!
This remarkable duality between the free Dirac fermion
theory (our starting theory) in Eq. (4.1), and the hy-
drodynamic theory whose action is given in Eq. (4.6)
(i.e., the Fradkin-Kivelson theory), however, must be
taken with care. The original theory is non-interacting,
whereas the Fradkin-Kivelson theory is strongly interact-
ing. The situation is somewhat similar to the proposed
duality between the free Dirac fermion in 2+1 dimensions
and QED3.
37,38 The duality may have to be regarded as
a “weak” form of duality in the sense that there is a one-
to-one correspondence at the level of operators (states)
between in the two theories. The functional bosoniza-
tion is in fact a prescription to map the set of correlation
functions in one theory into another. On the other hand,
whether or not the “stronger” form of duality holds, in
which the two theories in the IR limit are actually identi-
cal, is a highly non-trivial dynamical question. It would
be possible that the free-fermion fixed point exists among
the fixed points of the Fradkin-Kivelson theory. (See the
discussion below for a few interesting fixed points using
the self-dual property of the Fradkin-Kivelson model.)
1. Implications of the self duality
We have so far discussed the duality which relates two
different (2+1) dimensional theories. However, it is possi-
ble to have a duality that acts on the same theory in 2+1
dimensions. See, for example, a recent work by Xu and
You.61 In Ref. [40], the non-local 2+1-dimensional theory
(the Fradkin-Kivelson theory) and its duality was shown.
(We emphasize that this duality within the Fradkin-
Kivelson theory has nothing to do with the duality above
discussed for the free 2+1-dimensional Dirac fermion and
the Fradkin-Kivelson theory.) This self-duality can be
used to constrain the possible values of the transport
coefficients such as the diagonal and off-diagonal (Hall)
conductance on the surface.40
A duality in statistical mechanics and field theories,
if exists, is a powerful tool that allows us to make a
non-perturbative prediction on the structure of phase
diagrams and the properties of the critical points even
when strong interactions are present. A famous exam-
ple is the Kramers-Wannier duality in the 2D classical
Ising model that relates its high- and low-temperature
phases.33,34,62–65
We can follow the discussion developed in Ref. [40],
where the phase diagram of the non-local Maxwell the-
ory interacting with dynamical electric currents (or their
dual magnetic currents) was discussed by using the du-
13
ality. By making use of the modular symmetry, the cor-
relation functions and in particular the conductivities at
the modular fixed points were exactly calculated.
Fixed points under the PSL(2,Z) transformations can
be found in the following way. We first note that the
(non-abelian) modular group PSL(2,Z) is generated by
S and T with the relation S2 = e and (ST )3 = e. This
tells us that PSL(2,Z) is essentially a free product of Z2
and Z3. A point fixed by S can be easily found:
z = i. (4.17)
In Ref. [40], this point is called the bosonic fixed point.
Similarly, one can easily find a point fixed by ST as
z =
1
2
+ i
√
3
2
≡ ρ. (4.18)
This is the fermionic fixed point of Ref. [40]. Further-
more, it is known that all the other fixed points can be
found as an image of the bosonic (i) or fermionic (ρ) fixed
point. Let [i] and [ρ] denote the sets of points of the up-
per half plane which are the images of i and ρ; Also,
let [∞] denote the sets of points of the upper half plane
which are the images of ∞. [∞] is the set of points of
the upper half place with g = 0 and f rational. It can be
shown that the set C of all points of the upper half plane
which are fixed points under a modular transformation)
is C = [i] ∪ [ρ] ∪ [∞].
By making use of the modular symmetry, the corre-
lation functions and in particular the conductivities at
the bosonic and fermionic fixed points were exactly cal-
culated in Ref. [40].
V. FRACTIONAL TOPOLOGICAL
INSULATORS
In this section, we discuss putative fractional topologi-
cal insulators using the hydrodynamic effective field the-
ory. We adopt the parton construction, in which we pos-
tulate that electrons are fractionalized, consist of K par-
tons, and each parton is in its topological insulator phase.
For each parton, we can apply functional bosonization to
derive its hydrodynamic theory. Solving the constraints
among parton densities, we will arrive at the hydrody-
namic theory of fractional topological insulators. See
Refs. [20–22] for previous studies of time-reversal sym-
metric fractional topological insulators in D = 3 + 1 in
terms of the parton construction. While the parton con-
struction may not be able to address questions regard to
energetics, it can reveal expected topological properties
of fractional topological insulators.
We write down the following action S =
∑K
i=1 S
(i) for
partons, where
Si = −
∫
bi ∧ (dai − ui −K−1dAex +K−1U ex)
+
∫
dvi ∧ (ui −K−1U ex)
− τ2
4
∫
(dai − ui) ∧ ⋆(dai − ui)
+
τ1
4
∫
(dai − ui) ∧ (dai − ui) + · · · (5.1)
Here, the parton densities are written in terms of the
two-form gauge fields bi as ji = dbi, etc., and are subject
to the constraint
db1 = db2 = · · · = dbK = db,
dv1 = dv2 = · · · = dvK = dv, (5.2)
for all i = 1, . . . ,K. Solving the constraint, the resulting
effective field theory is
S = −
∫
b ∧
[∑
i
(
dai − ui)− dAex + U ex]
+
∫
dv ∧
[∑
i
ui − U ex
]
+
∑
i
∫ [
− τ2
4
(dai − ui) ∧ ⋆(dai − ui)
+
τ1
4
(dai − ui) ∧ (dai − ui)
]
. (5.3)
We can eliminate statistical gauge fields ai and ui one by
one. Gauging away a, we obtain
S = +
∫
b ∧ dAex −
∫
(b+ dv) ∧ U ex
+
∫
(b+ dv) ∧
∑
i
ui
+
∑
i
∫ [
−τ2
4
ui ∧ ⋆ui + τ1
4
ui ∧ ui
]
. (5.4)
Integrating over ui, the resulting theory is
S = i
∫
b ∧ dAex − i
∫
(b+ dv) ∧ U ex
+
τ˜2K
2
∫
(b+ dv) ∧ ⋆ (b+ dv)
+
iτ˜1K
4
∫
(b+ dv) ∧ (b + dv). (5.5)
This final hydrodynamic action with fractionalization can
then be related to the Cardy-Rabinovici theory with K >
1.
More generally, we can consider different ways to split
an electron into partons. This leads to an analogue of the
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K-matrix theory of the fractional quantum Hall fluid:8,9
S = i
∫
QIb
I ∧ dAex − i
∫
MI(dv
I + bI) ∧ U ex
+
KIJ
2
∫
(b+ dv)I ∧ ⋆ (b+ dv)J
+
iK′IJ
4
∫ (
b+ dv
)I ∧ (b+ dv)J . (5.6)
where QI is a “charge vector”.
VI. DISCUSSION
In the Landau-Ginzburg theory, phases with sponta-
neous symmetry breaking – and phase transitions be-
tween them – are described by effective field theories built
out of continuum bosonic fields associated to proper order
parameters. In discussing symmetry-protected topolog-
ical phases, where we make a distinction among phases
all respecting the same symmetry, different phases can-
not be described by order parameters. Instead, gaug-
ing the symmetry, and the resulting gauge theory serves
as an efficient diagnostic scheme to distinguish different
symmetry-protected topological phases.13,14 This idea is
nicely materialized in the functional bosonization, in
which an effective field theory is built out of hydrody-
namic variables, one for each symmetry, which couple
to corresponding gauge fields. Following this philosophy,
we have derived the hydrodynamic effective field theory
of topological band insulators. The resulting theory is
found to be closely related to the monopole-condensed
phase of the Cardy-Rabinovici theory which, in terms of
the “statistical” U(1) gauge field, corresponds to a phase
with charge condensation. We also discussed the similar
hydrodynamic theory describing the surface of topolog-
ical insulators, which well compares with the Fradkin-
Kivelson theory.
We close by mentioning a few issues which we have
not fully explored in the paper. One of the most inter-
esting issues is the relevance to experiments. The hydro-
dynamic mode (i.e., the U(1) current) in topological in-
sulators can be detected by various experimental probes,
e.g., various transport probes, and momentum-resolved
inelastic electron scattering.66 Such experiments can be
most interesting, in ideal systems where the bulk is truly
insulating, and when they detect the surface physics. For
example, Kogar and coworkers66 studied a surface plas-
mon mode by momentum-resolved electron energy-loss
spectroscopy (MR-EELS). Our bosonized surface theory,
albeit within the use of the large Nf expansion (quali-
tatively equivalent to the random phase approximation),
may offer a convenient effective field theory descriptions
of the surface physics in the presence of moderate inter-
actions. In particular, the duality of the surface theory
pins down a particular value of the transport coefficient,
even when the surface is interacting. It would be inter-
esting to compare the universal results expected from the
duality with future experiments.
Yet another issue is the precise connection between
the bosonized surface theory and the corresponding mi-
croscopic, fermionic surface theory, i.e., the surface Dirac
fermions. In the case of the quantum Hall effect, an im-
portant prediction from the hydrodynamic Chern-Simons
theory is the existence of the gapless chiral edge state.
The vertex operators (bosonic exponentials) in the chi-
ral edge theory then describe solitonic quasiparticle ex-
citations, including electrons. Such “vertex operators”
may be constructed within the bosonized theory for the
surface of 3+1-dimensional topological insulators in Sec.
IV. It would be then interesting to construct physical
electron operators (with the Dirac dispersion) within the
bosonized surface theory. It was argued in Ref. [5], based
on a (different) topological field theory, that an effective
field theory can give rise to a gapless fermionic surface
state with a Fermi surface. In fact, within the non-local
Maxwell theory in 2+1 dimensions, i.e., our surface the-
ory, we can follow the approach developed by Marino67
to construct an fermion (electron) operator. It should
however be noted that here we focused on the situation
where the chemical potential is exactly at the Dirac point
(since we focused on topological insulators in class AIII),
whereas this is not typically the case (as in Dirac surface
states realized in topological insulators in symmetry class
AII).
Finally, more exotic physics that may occur in the pres-
ence of strong interactions can also be explored within the
hydrodynamic effective field theory, including symmetry-
respecting surface topological order48,68–78, and frac-
tional topological insulators. For the latter, the hydro-
dynamic field theory in the presence of fractionalization
discussed in Sec. V can provide a convenient platform
to discuss, e.g., the fractionalized surface theory and its
duality. We leave these issues for the future study.
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Appendix A: δ-function forms
In this Appendix, we collect useful formulas involv-
ing the δ-function forms. (The following discussion does
not depend on the Euclidean/Minkowski signature of the
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metric.) For an n-dimensional submanifold N of M, we
define a (D − n)-form δD−n(N ) by
∫
N
An =
∫
M
δD−n(N ) ∧ An, ∀An, (1.1)
where An is an arbitrary n-form on M.
If we flip the orientation of N ,
δD−n(−N ) = −δD−n(N ). (1.2)
More generally, for oriented submanifolds Ni,
δ
(∑
i
ciNi
)
=
∑
i
ciδ(Ni) (1.3)
where ci is a coefficient.
LetN1 andN2 be a submanifold ofM with dimensions
n1 and n2, respectively. Define d as
d = n1 + n2 −D. (1.4)
When d ≥ 0, N1 and N2 can have a d-dimensional inter-
section within M. By properly defining an orientation,
we define I = N1#N2. The orientation of I is defined to
be consistent with
δD−d(I) = δD−n1(N1) ∧ δD−n1(N2). (1.5)
The exterior derivative of the delta form is given by
δD−n+1(∂N ) = (−1)D−n+1dδD−n(N ). (1.6)
Appendix B: Details of Functional bosonization with
monopole gauge invariance
In this Appendix, we derive the hydrodynamic theory
of Eq. (3.25) by the functional bosonization. Our starting
point is the two kinds of gauge invariance presented in
Eqs. (3.22) and (3.23). By making use of the monopole
gauge invariance, one can write
Z[Aex, U ex] = N
∫
D[a]
∑
u=δ(∂M3)
δ(da+ qmu)
× Z[Aex + a, U ex + u] (2.1)
where
∑
u=δ(∂M3)
represents the sum over arbitrary sub-
manifoldsM3 of spacetime with the two form u given by
u = δ(∂M3). The functional delta function can be con-
verted into an integral over an auxiliary field b,
Z[Aex, U ex] = N
∫
D[a, b]
∑
u=δ(∂M3)
× Z[Aex + a, U ex + u]
× exp iqe
∫
b ∧ (da+ qmu). (2.2)
Shifting a and u as a→ a−Aex and u→ u− U ex,
Z[Aex, U ex] = N
∫
D[a, b]
∂M2=L1∑
u=δ(M2)
Z[a, u]
× exp iqe
∫
b ∧ (da+ qmu− dAex − qmU ex). (2.3)
The summation over M2 is subjected to the constraint
∂M2 = L1, where L1 is related to the external monopole
gauge field U ex as dU ex = δ(L1).
Equation (2.3) is the analog of Eq. (2.3) in the presence
of monopoles, and is the starting point of the functional
bosonization. Before proceeding, we note, instead of im-
posing dξ+qmu = 0 strictly, we can impose dξ+qmu ≡ 0
mod 2π/qe for all plaquette if we work on a lattice. If so,
the auxiliary field b must a discrete variable. By making
use of the generalized Poisson identity, the sum
∑
b=δ(M2)
exp iqe
∫
(da+ qmu) ∧ b (2.4)
enforces da+ qmu is given in terms of the delta function
for some manifold N2:
da+ qmu = 2πq
−1
e δ(N2). (2.5)
Here, we recall the Dirac quantization condition
qmqe = 2πn (2.6)
where n ∈ Z. The continuum v.s. discrete summation
over b depends on whether we assume the presence of
an underlying lattice or not, but, ultimately, this is im-
material. In the following, we consider the continuum
summation over b, but it is always possible replace it
with its discrete counter part.
Specializing now to topological insulators, the fermion
partition function Z[a, u] is given by
Z[a, u] ∝ exp(−W [a, u]), (2.7)
where W [a, u] now is
W [a, u] =
τ2
4π
∫
(da+ qmu) ∧ ⋆(da+ qmu)
+
iτ1
4π
∫
(da+ qmu) ∧ (da+ qmu) + · · · .
(2.8)
Then, the partition function is written as
Z[Aex, U ex] = N
∫
D[a, b]
∂M2=L1∑
u=δ(M2)
exp(−S[a, b, u]),
(2.9)
16
where the action S[a, b, u] is given by
S[a, b, u] = −i
∫
qeb ∧ (da+ qmu− dAex − qmU ex)
+
τ2
4π
∫
(da+ qmu) ∧ ⋆(da+ qmu)
+
iτ1
4π
∫
(da+ qmu) ∧ (da+ qmu) + · · · .
(2.10)
The sum over M2 with the constraint ∂M2 = L1 can
be converted into an unrestricted sum over M2, by in-
troducing an auxiliary field v,
Z[Aex, U ex] = N
∫
D[a, b, v]
∑
u=δ(M2)
exp(−S[a, b, u, v]),
(2.11)
where
S[a, b, u, v] = −i
∫
dv ∧ (qmu− qmU ex)
− iqe
∫
b ∧ (da+ qmu− dAex − qmU ex)
+
τ2
4π
∫
(da+ qmu) ∧ ⋆(da+ qmu)
+
iτ1
4π
∫
(da+ qmu) ∧ (da+ qmu) + · · · .
(2.12)
We now proceed to the integrate over the statistical
gauge fields a and u, which do not couple to the external
fields Aex and U ex. We first integrate over u and then
a. To this end, we introduce an auxiliary field α, with
which the action is given by
S = −i
∫
dv ∧ (qmu− qmU ex)
− iqe
∫
b ∧ (da+ qmu− dAex − qmU ex)
+
i
2π
∫
(da+ qmu) ∧ α
+
τ˜2
4π
∫
α ∧ ⋆α+ iτ˜1
4π
∫
α ∧ α. (2.13)
By integrating over the auxiliary field α, one recovers
the action Eq.(2.12). By making use of the generalized
Poisson identity, the sum over u results in
∑
u=δ(M2)
exp
∫
i
(
qmdv + qmqeb− qm
2π
α
)
∧ u (2.14)
which enforces the constraint
α
2π
= qeb+ dv + q
−1
m (2π)δ(N2). (2.15)
Then, after integrating over u, we find
S = i
∫
dv ∧ qmU ex
+ iqe
∫
b ∧ (dAex + qmU ex).
+
i
2π
∫
da ∧ (dv + q−1m (2π)δ(N2))
+
τ˜2
4π
∫
α ∧ ⋆α+ iτ˜1
4π
∫
α ∧ α. (2.16)
Now, integrating over a sets
qed
2v + q−1m (2π)dδ(N2) = 0, (2.17)
which implies N2 = ∂M3. This completes the derivation
of Eq. (3.25).
1. An alternative derivation of Eq. (2.3)
Equation (2.3) can be derived in an alternative way as
follows: Bosonizing the electromagnetic current, with a
shift a→ a−Aex, the partition function is given by
Z[Aex, U ex] = N
∫
D [a, b]Z[a, U ex]
× exp i
2π
∫
M4
b ∧ (da− dAex). (2.18)
We now make use of the monopole gauge invariance of
Z[a, U ex], Z[a, U ex] = Z[a+ξ, U ex+u] with dξ+qmu = 0.
Following the bosonization of the electromagnetic U(1)
current above, we can average over u and ξ as
Z[a, U ex] = N
∑
u,ξ
Z[a+ ξ, U ex + u] (2.19)
where the summation is over arbitrary boundaryless sur-
facesM2 and ξ, such that u = δ(M2) and dξ+ qmu = 0.
Implementing the latter condition by introducing an aux-
iliary field q,
Z[a, U ex] = N
∫
D[q]
∑
u,ξ
Z[a+ ξ, U ex + u]
× exp i
2π
∫
M4
q ∧ (dξ + qmu), (2.20)
where
∑
u,ξ is over arbitrary manifolds M2 and N3, re-
spectively:
∑
u
=
∑
u∈δ(M2)
,
∑
ξ
=
∑
ξ∈qmδ(N3)
. (2.21)
The integration over q enforces the constraint dξ+qmu =
0, and reduces
∑
u,ξ to ∑
u∈δ(∂N3)
. (2.22)
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I.e., the summation over u2 is now given in terms of
boundaryless manifolds. (In fact, u doesn’t have to be
discrete, and can be replaced by
∫ D[u].)
With a shift a→ a− ξ, the total partition function is
Z[Aex, U ex] = N
∫
D[a, b, q]
∑
u,ξ
Z[a, U ex + u]
× exp i
2π
∫
b ∧ (da− dξ − dAex)
× exp i
2π
∫
q ∧ (dξ + qmu). (2.23)
We first consider the summation over ξ:
∑
ξ∈qmδ(N3)
exp
i
2π
∫
(−b+ q) ∧ dξ
=
∑
ξ∈qmδ(N3)
exp
i
2π
∫
d(b − q) ∧ ξ. (2.24)
By using the generalized Poisson identity,
∑
ND−p
exp 2πi
∫
MD
δp(ND−p) ∧ AD−p
=
∑
Qp
δ(AD−p − δ(Qp)) (2.25)
the summation over ξ sets
qmd(b − q) = (2π)2δ(Q1). (2.26)
While at this stage Q1 appears to be arbitrary, since
d2 = 0, ∂Q1 should be zero. (We have used the same
discussion in defining the monopole gauge field Σ.) By
the Poincare´ lemma, the 2-form b − q can be written in
terms of a two-dimensional surface P2 and a one-form v
as
b− q = q−1m (2π)2δ(P2)− q−1m (2π)2dv. (2.27)
(The minus here is purely a convention.) We can intro-
duce w as
w2 = δ2(P2), dw2 = δ(Q1). (2.28)
By eliminating q,
Z[Aex, U ex] = N
∫
D[a, b, v]
∑
u,w
Z[a, U ex + u]
× exp i
2π
∫
b ∧ (da− dAex + qmu)
× exp−2πi
∫
(dv − w) ∧ u. (2.29)
Comments: (i) w couples only to u through:
exp−2πi
∫
w ∧ u. (2.30)
This is always 1, so one can drop the sum over w. (If u
to be taken as a continuous variable rather than discrete,
this summation sets u to be a discrete variable.) (ii) v
couples only to u through:
exp−2πi
∫
dv ∧ u. (2.31)
Integration over v sets du = 0, and hence, summation
over u becomes over boundaryless surfaces, as expected.
Thus, the functional integral reduces to
Z[Aex, U ex] = N
∫
D[a, b]
∑
u∈δ(∂M3)
Z[a, U ex + u]
× exp i
2π
∫
b ∧ (da− dAex + qmu). (2.32)
This is nothing but Eq. (2.3).
Appendix C: Review: The Julia-Toulouse approach
In this appendix, we give a short summary of the Julia-
Toulouse approach following the work of Quevedo and
Trugenberger46, which conveniently describes the h-form
generalization of the Higgs mechanism (h = 0, 1, . . .). We
consider the class of field theories that contain compact
(h − 1)-form φh−1 with (generalized) gauge invariance
under transformation
φh−1 → φh−1 + dλh−2. (3.1)
The dynamics of the field φh−1 may be described by the
following generic low-energy effective action:
S =
∫
(−1)h−1
e2
dφh−1 ∧ (⋆dφh−1) + κ
∫
φh−1 ∧ ⋆jh−1
(3.2)
where e and κ are coupling constants, jh−1 describes a
conserved (tensor) current of fields whose dynamics is
governed by the action SM (not included above). The
spacetime dimension is D = d + 1. For example: when
h = 2, φ1 =: A is a one-form, the theory is nothing but
the compact QED:
S =
∫
1
e2
dA ∧ (⋆dA) + κ
∫
A ∧ ⋆j1 (3.3)
When h = 1, on the other hand, φ0 =: φ is a scaler field,
and the action is given by
S =
∫
1
e2
dφ ∧ (⋆dφ) + κ
∫
φ ∧ ⋆j0. (3.4)
The Julia-Toulouse approach provides a prescription to
write down an effective action describing a phase where
defects in φh−1 are condensed. The effective action is
18
given by
S =
∫
(−1)h
Λ2
dωh ∧ ⋆dωh
+
(−1)h−1
e2
∫
(ωh − dφh−1) ∧ ⋆(ωh − dφh−1)
+ κ
∫
(ωh − dφh−1) ∧ ⋆Th, (3.5)
where ωh is a h-form gauge field, and Λ is an energy scale
associated to the condensation. The guiding principle in
constructing the effective Lagrangian is the gauge invari-
ance under the two gauge symmetries. The first gauge in-
variance is the invariance under the original gauge trans-
formation, Eq.(3.1). In addition, we require invariance
under the following gauge invariance:
ωh → ωh + dψh−1, φh−1 → φh−1 + ψh−1. (3.6)
Concurrently to this gauge invariance, in the last line of
the effective action of Eq. (3.5), the original conserved
(h− 1)-form current j is promoted to an h-form current
Th, which is given by dTh = jh−1.
The physical meanings of ωh and the second gauge in-
variance are the following: We are interested in phases
where topological defects in φh−1 (which is a compact
variable) condense. These topological defects can be
characterized by an integer valued topological invariant
∫
Sh
ωh, ωh = dφh−1, (3.7)
where Sh is an h-dimensional sphere surrounding the sin-
gularity and ωh is the topological density. If there is a
single topological defect, dωh is zero almost everywhere,
but at the defect, dωh 6= 0 (delta function peak). For
example, in the compact QED, ω is given by ω = dA.
If there is a magnetic monopole, dω 6= 0 at the location
of the monopole, but dω is zero otherwise. We further
define the “topological current” by
Jd−h = ⋆(dωh). (3.8)
If there is no defect, Jd−h is identically zero. If there is a
defect, there will be a delta function singularity. If there
are many defects, we can “smear” delta function singu-
larity, and can treat them as a constant background. In
this situation, the topological current Jd−h is conserved.
Writing the topological current in terms of ωh as above,
there is a redundancy: ωh → ωh + dψh−1 gives the same
topological current. This is the origin of the emergent
gauge symmetry in the condensed phase, which we have
made use of to construct the effective action in the con-
densed phase.
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